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Abstract
In this paper, we study the regularity criterion for weak solutions to the incompressible magnetohydro-
dynamic equations. We derive the regularity of weak solutions in the marginal class. Moreover, our result
demonstrates that the velocity field of the fluid plays a more dominant role than the magnetic field does on
the regularity of solutions to the magnetohydrodynamic equations.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
We are concerned with the regularity criteria for weak solutions to the viscous incompressible
magnetohydrodynamics (MHD) equations in R3
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
∂u
∂t
− 1
Re
u + (u · ∇)u − S(B · ∇)B + ∇
(
p + S
2
|B|2
)
= 0,
∂B
∂t
− 1
Rm
B + (u · ∇)B − (B · ∇)u = 0,
divu = 0, divB = 0
(1.1)
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u(x,0) = u0(x),
B(x,0) = B0(x). (1.2)
Here u,p,B are non-dimensional qualities corresponding to the velocity of the fluid, its pressure
and the magnetic field, respectively. The non-dimensional number Re is the Reynolds number,
Rm is the magnetic Reynolds and S = M2/(Re Rm) with M being the Hartman number. For
simplicity of writing, let Re = Rm = S = 1, and p denotes the total pressure p + S2 |B|2.
Duraut and Lions [2] constructed a class of global weak solutions with finite energy, and a
class of local strong solutions to MHD equations (1.1). For the two-dimensional case, the smooth-
ness and uniqueness of their obtained global weak solutions have been shown provided the given
initial data is smooth in [2]. However, in the three-dimensional case, as for Navier–Stokes equa-
tions, it is not known whether the global weak solutions are smooth. There have been many
studies about the regularity of weak solutions to the three-dimensional incompressible magne-
tohydrodynamic equations. Sermange and Teman [8] showed the regularity for weak solutions
in the case of three dimension under the assumption that (u,B) belongs to L∞(0, T ;H 1(R3)).
Furthermore, He and Xin [4] derived the regularity for weak solutions of MHD equations as long
as
u ∈ Lp(0, T ;Lq(R3)) for 1/p + 3/2q  1/2 and q > 3.
From the conclusion in [4], we know that a weak solution (u,B) is smooth provided that
u ∈ L2(0, T ;L∞(R3)). In this paper, inspired by the paper of Kozono and Taniuchi [6], we
extend this result to the marginal space BMO, which is larger than L∞(R3). In other words, we
will show that a weak solution (u,B) is smooth under the assumption that
T∫
0
∥∥u(t)∥∥2BMO(R3) dt < ∞.
It should be noticed that, we do not pose any assumption on the magnetic field B . It does mean
that our result demonstrates that the velocity field plays a more dominant role than the magnetic
field does. This agrees with the known results in [3–5,7].
However, a recent numerical simulations of Politano et al. in [7], and observations of space
and laboratory plasmas alike in [3] reveal that the magnetic field should have some dissipation.
Thus the incompressible magnetohydrodynamic equations should exhibit a greater degree of
regularity than does an ordinary incompressible Navier–Stokes equations, in some sense. To our
knowledge, there is no mathematical arguments to show rigorously this till now.
2. Notations and main result
Before stating our results, we introduce some function spaces. Let C∞0,σ (R3) denote the set
of all C∞ real vector-valued functions φ = (φ1, φ2, φ3) with compact support in R3, such that
divφ = 0. Hk(R3), k ∈ N, is the standard Sobolev spaces. And let Lβσ (R3) and Hkσ (R3) be
the closure of C∞0,σ (R3) with respect to the Lβ -norm and the Hk-norm, respectively. BMO(R3)
consists of all functions of bounded mean oscillation, and H1(R3) denotes the Hardy space.
Now we give the definition of weak solution.
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(1.2), provided that
(1) u,B ∈ L∞(0, T ;L2(R3)) ∩ L2(0, T ;H 1(R3)),
(2) divu = 0, divB = 0 in the sense of distribution,
(3) for any φ,ψ ∈ C∞0,σ (R3 × [0, T )),
T∫
0
∫
R3
{
u · ∂tφ − ∇u · ∇φ + ∇φ: (u ⊗ u − B ⊗ B)
}
dx dt = −(u0, φ(0))
and
T∫
0
∫
R3
{
B · ∂tψ − ∇B · ∇ψ + ∇ψ : (u ⊗ B − B ⊗ u)
}
dx dt = −(B0,ψ(0)).
Our main result is stated as following:
Theorem 2.1. Let u0 ∈ H 1σ (R3)∩L2σ (R3), B0 ∈ L4σ (R3)∩L2σ (R3). Assume that (u,B) is a weak
solution of MHD equations (1.1), (1.2) on some interval [0, T ) with 0 < T ∞. If
u ∈ L2(0, T ;BMO(R3)),
then
u ∈ L∞(0, T ;H 1(R3)), D2u ∈ L2(0, T ;L2(R3));
B ∈ L∞(0, T ;L4(R3)), |B|∇B ∈ L2(0, T ;L2(R3)),
which implies that (u,B) is smooth in R3 × (0, T ). Moreover,
∥∥B(t)∥∥4
L4(R3) + 2
t∫
0
∥∥|B|∇B(s)∥∥2
L2(R3) ds  C‖B0‖βL4(R3)e
∫ T
0 ‖u(τ)‖2BMO(R3) dτ
and
∥∥∂iu(t)∥∥2L2(R3) + 2
t∫
0
∥∥∇∂iu(s)∥∥2L2(R3) ds
 C
(‖B0‖4L4(R3),‖u0‖2H 1(R3), e
∫ T
0 ‖u(τ)‖2BMO(R3) dτ )
for each i = 1,2,3 and any t ∈ [0, T ), where C is a constant independent of T .
3. Proof of Theorem 2.1
Proof of Theorem 2.1. Since u0 ∈ H 1σ (R3), B0 ∈ L4σ (R3), it is well known, that there are T0 > 0
and a unique strong solution (u,B) to the MHD equations in (0, T0]. Thus, in order to complete
the proof of Theorem 2.1, it is sufficient to establish a priori strong estimate uniformly in t ∈
[0, T ). Then the local strong solution (u,B) can be continuously extended to [0, T ) by a standard
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on [0, T ).
We multiply the both sides of the second equation in (1.1) by |B|2B , integrate over R3 and
get, by integration by parts, that
1
4
d
dt
‖B‖4
L4(R3) +
∥∥|B|∇B∥∥2
L2(R3) +
1
2
∥∥∇(|B|2)∥∥2
L2(R3) −
∫
R3
(B · ∇)|B|2B · udx. (3.1)
Since divB = 0, curl∇(|B|2B) = 0, it follows from Coifman, Lions, Meyer and Semmes [1] that∣∣∣∣
∫
R3
(B · ∇)|B|2B · udx
∣∣∣∣ ∥∥(B · ∇)(|B|2B)∥∥H1(R3)‖u‖BMO(R3)
C‖B‖L4(R3)
∥∥∇(|B|2B)∥∥
L4/3(R3)‖u‖BMO(R3). (3.2)
By the Hölder inequality∥∥∇(|B|2B)∥∥
L4/3(R3)  3‖B‖L4(R3)
∥∥|B|∇B∥∥
L2(R3). (3.3)
Applying Young’s inequality, we deduce that
1
4
d
dt
‖B‖4
L4(R3) +
1
2
∥∥|B|∇B∥∥2
L2(R3)  C‖B‖4L4(R3)‖u‖2BMO(R3). (3.4)
Then, from Gronwall’s inequality, it follows that
∥∥B(t)∥∥4
L4(R3) + 2
t∫
0
∥∥|B|∇B(s)∥∥2
L2(R3) ds  C‖B0‖4L4(R3)e
∫ T
0 ‖u(s)‖2BMO(R3) ds (3.5)
for any t ∈ [0, T ), with some absolute constant C.
We differentiate the first equation of (1.1) about xi , then multiply the resulting equation by
∂iu, and integrate over R3, by integration by parts,
1
2
d
dt
‖∂iu‖2L2(R3) + ‖∇∂iu‖2L2(R3)
= −
∫
R3
(∂iu · ∇)∂iu · udx −
∫
R3
(∂iB · ∇)∂iu · B dx +
∫
R3
(B · ∇)∂iu · ∂iB dx. (3.6)
From Coifman, Lions, Meyer and Semmes [1], again,
I1 ≡
∣∣∣∣
∫
R3
(∂iu · ∇)∂iu · udx
∣∣∣∣

∥∥(∂iu · ∇)∂iu∥∥H1(R3)‖u‖BMO(R3)
 C‖∂iu‖L2(R3)‖∇∂iu‖L2(R3)‖u‖BMO(R3). (3.7)
By Young’s inequality, I1 can be estimated as
I1 
1
4
‖∇∂iu‖2L2(R3) + C‖∂iu‖2L2(R3)‖u‖2BMO(R3). (3.8)
With the help of Hölder inequality and Young’s inequality,
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∣∣∣∣
∫
R3
(∂iB · ∇)∂iu · B dx
∣∣∣∣
 ‖∇∂iu‖L2(R3)
∥∥|B|∂iB∥∥L2(R3)
 1
4
‖∇∂iu‖2L2(R3) +
∥∥|B|∂iB∥∥2L2(R3). (3.9)
Similarly,
I3 ≡
∣∣∣∣
∫
R3
(B · ∇)∂iu · ∂iB dx
∣∣∣∣ 14‖∇∂iu‖2L2(R3) +
∥∥|B|∂iB∥∥2L2(R3). (3.10)
Therefore,
1
2
d
dt
‖∂iu‖2L2(R3) +
1
4
‖∇∂iu‖2L2(R3) C‖∂iu‖2L2(R3)‖u‖2BMO(R3) + 2
∥∥|B|∂iB∥∥2L2(R3).
(3.11)
From Gronwall’s inequality and (3.5), we obtain that, for each i = 1,2,3
∥∥∂iu(t)∥∥2L2(R3) + 2
t∫
0
∥∥∇∂iu(s)∥∥2L2(R3) ds
 C
(‖B0‖4L4(R3),‖u0‖2H 1(R3), e
∫ T
0 ‖u(τ)‖2BMO(R3) dτ ) (3.12)
for any t ∈ [0, T ), with constant C independent of T .
Thus, u belongs to L∞(0, T ;H 1(R3)) ⊆ L∞(0, T ;L6(R3)), which implies that u and B are
smooth. This completes the proof of Theorem 2.1. 
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